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SUMMARY

A novel strategy for developing low-order membrane elements with analytical element stiffness matrices is
proposed. First, some complete low-order basic analytical solutions for plane stress problems are given in
terms of the new quadrilateral area coordinates method (QACM-II). Then, these solutions are taken as the
trial functions for developing new membrane elements. Thus, the interpolation formulae for displacement
fields naturally possess second-order completeness in physical space (Cartesian coordinates). Finally, by
introducing nodal conforming conditions, new 4-node and 5-node membrane elements with analytical
element stiffness matrices are successfully constructed. The resulting models, denoted as QAC-ATF4
and QAC-ATF5, have high computational efficiency since the element stiffness matrices are formulated
explicitly and no internal parameter is added. These two elements exhibit excellent performance in various
bending problems with mesh distortion. It is demonstrated that the proposed strategy possesses advantages
of both the analytical and the discrete method, and the QACM-II is a powerful tool for constructing
high-performance quadrilateral finite element models. Copyright q 2008 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The quadrilateral isoparametric finite element models are widely used for computations in engi-
neering and science. However, many low-order models often suffer from the sensitive problem
to mesh distortion, which may lead to low precision in higher-order problems. Lee and Bathe
[1] found that a complete high-order interpolation function in isoparametric coordinates is only
equivalent to the first-order interpolation function in Cartesian coordinates when the element is
distorted. In order to overcome this inherent disadvantage existing in the isoparametric coordinates,
in 1999, Long et al. [2, 3] established a new natural coordinate system (containing four coordinate
components), that is, the quadrilateral area coordinate method (hereinafter referred to as QACM-I),
for developing 2D quadrilateral finite element models. This QACM-I system has an important
advantage: the transformation between the area coordinates and the Cartesian coordinates is always
linear. Thus, the order of the complete polynomial will keep invariable during the variation of the
element shape, and as a result, it makes the quadrilateral element insensitive to mesh distortion.
Furthermore, there is no Jacobian inverse existing in the element strain matrices, which makes the
computation procedure more convenient. To date, some successful applications of the QACM-I
in the constructions of quadrilateral membrane, plate and shell elements have been presented in
various literatures [4–18]. Compared with the traditional models using isoparametric coordinates,
these new models possess better performance, and are free from various locking phenomena caused
by mesh distortion.

By introducing different generalized conforming conditions (a kind of rational relaxed continuity
requirements) [19–23], membrane elements with different performances can be formulated by
the QACM-I. The first successful case is the construction of two 8-node quadrilateral elements
AQ8-I and AQ8-II [6], which were developed by employing the so-called side-average-conforming-
condition and the QACM-I. As long as each element side keeps straight, both elements can
pass the constant stress/strain patch test, and are insensitive to mesh distortion in higher-order
problems (which the traditional 8-node isoparametric element cannot achieve). In 2004, Chen
et al. [7] developed two 4-node quadrilateral area coordinate elements, AGQ6-I and AGQ6-II,
by following a similar construction procedure as that of Wilson’s non-conforming element Q6
[24]. These two models exhibit a much better performance than the element Q6. They completely
overcome locking phenomena caused by length–width ratio distortion, parallelogram distortion
and trapezoidal distortion in various bending problems. Du and Cen [10] extended them into
geometrically non-linear analysis. Recently, Cardoso et al. [16, 17] employed these formulations to
eliminate membrane locking in shell elements. Good overall results have been obtained. However,
elements AGQ6-I and AGQ6-II cannot pass the strict constant stress/strain patch test, although
they can pass the weak constant stress/strain patch test proposed by Cook et al. [25]. Some
interesting discussions about this problem are addressed in [26]. In order to develop more reliable
models, Cen et al. [8] presented a new family of quadrilateral serendipity membrane elements
formulated by the QACM-I, which includes five elements with different number of nodes (4- to
8-node). Since relatively stricter generalized conforming conditions were used, all elements passed
the strict constant stress/strain patch test when each element side keeps straight. The performance
of these new models is better than the corresponding isoparametric models. However, it has been
observed that, in higher-order problems, the performance of the 4-node element QACM4 is not as
good as the elements AGQ6-I and AGQ6-II.

According to Reference [3], we know that a model by the QACM-I possesses another advantage,
that is, the analytical expressions for the element stiffness matrix can be obtained theoretically by
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the basic formulae of integrals. This may be beneficial for the finite element computation procedure
(e.g. saves CPU time cost). Cen et al. [9] tried to derive the analytical stiffness matrix for element
AGQ6-I. Unfortunately, the formulations are too complicated to be written in the usual mathematical
forms. Recently, a new quadrilateral area coordinate method (hereinafter referred to as QACM-II)
was also established [27]. It maintains all the advantages of the QACM-I while it contains only two
coordinate components. This provides the possibility for simplification of element expressions.

Over the past 50 years, researchers have made great efforts for the development of finite element
models with high performance. Wilson et al. [24] proposed the well-known 4-node quadrilateral
incompatible element Q6 by introducing internal parameters, and then Taylor et al. [28] presented
its modified version QM6, which can pass the patch test strictly. Lautersztajn and Samuelsson [29]
gave a further discussion for these models and found that they have better precision in particular
type of mesh distortion. This element type was also extended by some other researchers, such as
the generalized conforming element GC-Q6 by Long and Huang [19] and the quasi-conforming
element QC6 by Chen and Tang [30]. Hybrid stress elements, such as elements P–S and NQ6
proposed by Pian et al. [31, 32], have also been extensively studied, and they perform well in
regular mesh division. Yeo and Lee [33] and Sze [34] improved the performance of the P–S
element for trapezoidal mesh. The enhanced assumed strain (EAS) method by Simo and Rifai
[35] also attracts the attention of researchers. Andelfinger and Ramm [36], Korelc and Wriggers
[37] and Piltner and Taylor [38] introduced different functions to make further improvements in
models based on the EAS method. In recent years, new models and techniques of quadrilateral
membrane elements still have been appearing in many journals: such as the unsymmetric 8-node
element US-QUAD8 developed by Rajendran and Liew [39], the enhanced interpolation 8-node
element Q8� developed by Li et al. [40], the 8-node quadrilateral spline element L8 constructed
by Li and Wang [41], the 4-node incompatible quadrilateral models with quadratic completeness
in physical space proposed by Huang and Li [42], the variationally consistent 4-node quadrilateral
element presented by Fredriksson and Ottosen [43] and so on.

In this paper, a novel strategy for developing low-order membrane elements with analytical
element stiffness matrices is proposed. First, some complete low-order basic analytical solutions
for plane stress problems are given in terms of the QACM-II. Then, these solutions are considered
as the trial functions for developing new membrane elements. Thus, the interpolation formulae
for displacement fields naturally possess second-order completeness in physical space (Cartesian
coordinates). Finally, by introducing nodal conforming conditions, new 4- and 5-node membrane
elements with analytical element stiffness matrices are successfully constructed. The resulting
models, denoted as QAC-ATF4 and QAC-ATF5, have high computational efficiency since the
element stiffness matrices are formulated explicitly and no internal parameter is added. Both these
elements exhibit excellent performance in various bending problems with mesh distortion.

2. BASIC CONCEPT OF THE QACM-II [27]

2.1. The characteristic parameters of a quadrilateral

As shown in Figure 1, four dimensionless parameters g1, g2, g3 and g4 are first introduced to
describe the shape of a quadrilateral as

g1= A′

A
, g2= A′′

A
, g3=1−g1, g4=1−g2 (0�gi�1) (1)
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Figure 1. Definition of the four parameters g1, g2, g3 and g4.
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Figure 2. Definition of the quadrilateral area coordinates Zi of the QACM-II.

where A is the area of the quadrilateral; A′ and A′′ are the areas of �124 and �123, respectively.
Different values of these shape parameters mean the different shapes of a quadrangle [2].

2.2. The definition of the QACM-II

As shown in Figure 2, Mi (i=1,2,3,4) are the mid-side points of element sides 23, 34, 41 and
12, respectively. Thus, the position of an arbitrary point P within the quadrilateral element 1234
can be uniquely specified by the new two-component area coordinates Z1 and Z2 (QACM-II),
which are defined as

Z1=4
�1

A
, Z2=4

�2

A
(2)

where A is still the area of the quadrilateral element, �1 and �2 are the generalized areas of
�PM2M4 and �PM3M1, respectively. It must be noted here that the values of the generalized
areas �1 and �2 can be both positive and negative: for �PM2M4 (or �PM3M1), if the permutation
order of points P , M2 and M4 (or P , M3 and M1) is anticlockwise, a positive �1 (or �2) should
be taken; otherwise, �1 (or �2) should be negative.
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Though the QACM-II and the QACM-I [2] have different physical meanings, it can be proved
that they satisfy the following simple linear relation:{

Z1=2(L3−L1)+(g2−g1)=2(L3−L1)+g1

Z2=2(L4−L2)+(g3−g2)=2(L4−L2)+g2
with

{
g1=(g2−g1)

g2=(g3−g2)
(3)

Thus, it can be seen that the QACM-II can maintain all the advantages of QACM-I while it contains
only two coordinate components, and the new local coordinates of the corner nodes and mid-side
points can be written as

node 1 :(−1+g2,−1+g1); node 2 :(1−g2,−1−g1)

node 3 :(1+g2,1+g1); node 4 :(−1−g2,1−g1)

M1 :(1,0); M2 :(0,1)
M3 :(−1,0); M4 :(0,−1)

(4)

2.3. The relationship between the QACM-II and the Cartesian coordinates

The relationship between the QACM-I and the Cartesian coordinate system is given in [2] as

Li = 1

2A
(ai +bi x+ci y) (i=1,2,3,4) (5)

where

ai = x j yk−xk y j , bi = y j − yk, ci = xk−xi (i=1,2,3,4; j=2,3,4,1;k=3,4,1,2) (6)

and (xi , yi ) (i=1,2,3,4) are the Cartesian coordinates of the four corner nodes. Substituting
Equations (5) and (6) into (3) yields

Z1= 1

A
[(a3−a1)+(b3−b1)x+(c3−c1)y]+g1= 1

A
[a1+b1x+c1y]+g1

Z2= 1

A
[(a4−a2)+(b4−b2)x+(c4−c2)y]+g2= 1

A
[a2+b2x+c2y]+g2

(7)

where

a1=a3−a1, b1=b3−b1, c1=c3−c1

a2=a4−a2, b2=b4−b2, c2=c4−c2
(8)

The linear relationship between the QACM-II and the Cartesian coordinate system is thus clearly
illustrated.

2.4. Some basic differential and integration formulae of the QACM-II

The transformation of derivatives of first order is⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�
�x
�
�y

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= 1

A

[
b1 b2

c1 c2

]⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�
�Z1

�
�Z2

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(9)
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and the transformation of derivatives of second order is

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�2

�x2

�2

�y2

�2

�x�y

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

= 1

A2

⎡
⎢⎢⎣

b21 b22 2b1b2

c21 c22 2c1c2

b1c1 b2c2 b1c2+b2c1

⎤
⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�2

�Z2
1

�2

�Z2
2

�2

�Z1�Z2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(10)

The integration formulae for evaluating the area integrals of the arbitrary power function Zm
1 Zn

2
can be written as ∫ ∫

A
Zm
1 Zn

2 dA= A

4

m∑
i=0

n∑
j=0

Ci
mC

j
n g

i
2g

j
1P (11)

where m and n are arbitrary positive integers,

P = [1−(−1)M ][1−(−1)N ]
MN

+g1
[1−(−1)M+1][1−(−1)N ]

(M+1)N

+g2
[1−(−1)M ][1−(−1)N+1]

M(N+1)
(12)

with

M=m+ j+1, N =n+i+1 (13)

and Cn
m is defined as

Cn
m = m!

(m−n)!n! (14)

Thus, from Equations (12) and (13), we have

P= 4

MN
for M and N are both odd numbers

P=0 for M and N are both even numbers

P= 4

M(N+1)
g2 for M is odd, N is even

P= 4

(M+1)N
g1 for M is even, N is odd

(15)

Other related formulae can be found in Reference [27].
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3. BASIC ANALYTICAL SOLUTIONS IN TERMS OF THE QACM-II FOR PLANE
STRESS PROBLEMS

3.1. Basic equations of the stress function method for plane stress problems

In plane stress problems, the airy stress function � satisfies the following biharmonic equation:

∇4�= �4�
�x4

+2
�4�

�x2�y2
+ �4�

�y4
=0 (16)

If low-order terms in Cartesian coordinates, such as

1, x, y, x2, xy, y2, x3, x2y, xy2, y3, . . . (17)

are taken as the stress function �, Equation (16) will be satisfied automatically.
Stresses can be written as

�x = �2�
�y2

, �y = �2�
�x2

, �xy =− �2�
�x�y

(18)

Then, the strains can be obtained by the stress–strain relation (generalized Hooke law)

e=

⎧⎪⎪⎨
⎪⎪⎩

�x

�y

�xy

⎫⎪⎪⎬
⎪⎪⎭= 1

E

⎡
⎢⎣

1 −� 0

−� 1 0

0 0 2(1+�)

⎤
⎥⎦

⎧⎪⎨
⎪⎩

�x

�y

�xy

⎫⎪⎬
⎪⎭=Dr (19)

where E is Young’s modulus, � is the Poisson ratio and D is the elastic matrix for plane stress
problem.

By integrating the following geometrical equations:

�u
�x

=�x ,
�v

�y
=�y,

�u
�y

+ �v

�x
=�xy (20)

the displacements u and v can be obtained. Furthermore, they must satisfy the compatible equation

�2�x
�y2

+ �2�y
�x2

= �2�xy
�x�y

(21)

Substituting each term of Equation (17) into Equations (18)–(21) can lead to the corresponding
stress, strain and displacement solutions.

3.2. Some basic analytical solutions in terms of the QACM-II for plane stress problems

Since the relationship between the QACM-II and the Cartesian coordinate system is linear, the
solutions in terms of the QACM-II can be easily obtained. However, it should be noted that the
displacement solutions corresponding to one stress function may not be unique. Therefore, we
can select appropriate solutions according to our need. Here, we hope to construct a completed
displacement solution series from low order to high order, which can be considered as the trial
functions for finite element formulae. These solutions are named as the basic analytical solutions
and are listed as follows.
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Let

f1=b21+c21, f2=b22+c22, f3=b1b2+c1c2 (22)

then, we have
(1) For �(1) =1
Strains:

�̂(1)x = �̂(1)y = �̂(1)
xy =0 (23)

Displacements:

û(1) =1, v̂(1) =0 (24)

(2) For �(2) = Z1
Strains:

�̂(2)x = �̂(2)y = �̂(2)
xy =0 (25)

Displacements:

û(2) =0, v̂(2) =1 (26)

(3) For �(3) = Z2
Strains:

�̂(3)x = �̂(3)y = �̂(3)
xy =0 (27)

Displacements:

û(3) =−b2Z1+b1Z2, v̂(3) =−c2Z1+c1Z2 (28)

(4) For �(4) = Z2
1

Strains:

�̂(4)x =4(c21−�b21), �̂(4)y =4(b21−�c21), �̂(4)
xy =−8(1+�)b1c1 (29)

Displacements:

û(4) = (−4b1�A+c1 f3)Z1−c1 f1Z2

v̂(4) = (−4c1�A−b1 f3)Z1+b1 f1Z2

(30)

(5) For �(5) = Z1Z2
Strains:

�̂(5)x =8(c1c2−�b1b2), �̂(5)y =8(b1b2−�c1c2), �̂(5)
xy =−8(1+�)(b1c2+b2c1) (31)

Displacements:

û(5) = (c1 f2+c2 f3−4b2�A)Z1−(c2 f1+c1 f3+4b1�A)Z2

v̂(5) = −(b1 f2+b2 f3+4c2�A)Z1+(b2 f1+b1 f3−4c1�A)Z2

(32)
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(6) For �(6) = Z2
2

Strains:

�̂(6)x =4(c22−�b22), �̂(6)y =4(b22−�c22), �̂(6)
xy =−8(1+�)b2c2 (33)

Displacements:

û(6) = c2 f2Z1−(4b2�A+c2 f3)Z2

v̂(6) = −b2 f2Z1+(4c2�A−b2 f3)Z2

(34)

(7) For �(7) = Z3
1

Strains:

�̂(7)x =32A(c21−�b21)Z1, �̂(7)y =32A(b21−�c21)Z1, �̂(7)
xy =−64A(1+�)b1c1Z1 (35)

Displacements:

û(7) = (4c21c2A−c21b2 f3−b1b
2
2 f1−16b1�A

2)Z2
1+2b2 f

2
1 Z1Z2−b1 f

2
1 Z

2
2

v̂(7) = (4b21b2A−b21c2 f3−c1c
2
2 f1−16c1�A

2)Z2
1+2c2 f

2
1 Z1Z2−c1 f

2
1 Z

2
2

(36)

(8) For �(8) = Z3
2

Strains:

�̂(8)x =32A(c22−�b22)Z2, �̂(8)y =32A(b22−�c22)Z2, �̂(8)
xy =−64A(1+�)b2c2Z1 (37)

Displacements:

û(8) = −b2 f
2
2 Z

2
1+2b1 f

2
2 Z1Z2−(4c22c1A+c22b1 f3+b2b

2
1 f2+16b2�A

2)Z2
2

v̂(8) = −c2 f
2
2 Z

2
1+2c1 f

2
2 Z1Z2−(4b22b1A+b22c1 f3+c2c

2
1 f2+16c2�A

2)Z2
2

(38)

(9) For �(9) = Z2
1Z2

Strains:

�̂(9)x = 32A[2(c1c2−�b1b2)Z1+(c21−�b21)Z2]
�̂(9)y = 32A[2(b1b2−�c1c2)Z1+(b21−�c21)Z2]
�̂(9)
xy = −64A(1+�)[(b1c2+b1c2)Z1+b1c1Z2]

(39)

Displacements:

û(9) = (8c1A f2−3b2 f
2
3 −16b2�A

2)Z2
1+2[ f3(2b2c21+b1c1c2+3b21b2)

−16b1�A
2]Z1Z2+ f1(b2c

2
1−4b1c1c2−3b21b2)Z

2
2

v̂(9) = (8b1A f2−3c2 f
2
3 −16c2�A

2)Z2
1+2[ f3(2c2b21+c1b1b2+3c21c2)

−16c1�A
2]Z1Z2+ f1(c2b

2
1−4c1b1b2−3c21c2)Z

2
2

(40)
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(10) For �(10) = Z1Z2
2

Strains:

�̂(10)x = 32A[(c22−�b22)Z1+2(c1c2−�b1b2)Z2]
�̂(10)y = 32A[(b22−�c22)Z1+2(b1b2−�c1c2)Z2]
�̂(10)
xy = −64A(1+�)[b2c2Z1+(b1c2+b1c2)Z2]

(41)

Displacements:

û(10) = f2(b1c
2
2−4b2c1c2−3b1b

2
2)Z

2
1+2[ f3(2b1c22+b2c1c2+3b1b

2
2)

−16b2�A
2]Z1 Z2−(8c2A f1+3b1 f

2
3 +16b1�A

2)Z2
2

v̂(10) = f2(c1b
2
2−4c2b1b2−3c1c

2
2)Z

2
1+2[ f3(2c1b22+c2b1b2+3c1c

2
2)

−16c2�A
2]Z1Z2−(8b2A f1+3c1 f

2
3 +16c1�A

2)Z2
2

(42)

The above basic analytical solutions in terms of the QACM-II will be considered as the trial
functions for developing new membrane element models in the following section. On the one hand,
the new models may exhibit advantages of both the analytical and the discrete methods while on
the other hand, the new models should be direction-independent, since the natural local coordinate
system is used.

4. NEW 4-NODE AND 5-NODE QUADRILATERAL MEMBRANE ELEMENTS WITH
ANALYTICAL ELEMENT STIFFNESS MATRIX

4.1. New 4-node element QAC-ATF4

Considering the 4-node quadrilateral element shown in Figure 3, the element nodal displacement
vector {q}e is given as

qe=[u1 v1 u2 v2 u3 v3 u4 v4]T (43)

where ui and vi (i=1–4) are the nodal displacements in the x- and y-directions, respectively.

u1

v1

4

1

2

3

u2

v2

x

y

u3

v3

u4

v4

Figure 3. A 4-node quadrilateral membrane element.
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From Section 3.2, it can be seen that the first eight stress functions

1, Z1, Z2, Z
2
1, Z1Z2, Z

2
2, Z

3
1, Z

3
2 (44)

correspond to the rigid displacements, constant strains and linear strains, respectively. Thus, the
displacement fields of the 4-node quadrilateral membrane element are assumed to be

u=
{
u(Z1, Z2)

v(Z1, Z2)

}
=Fk (45)

with

F=
[
û(1) û(2) û(3) û(4) û(5) û(6) û(7) û(8)

v̂(1) v̂(2) v̂(3) v̂(4) v̂(5) v̂(6) v̂(7) v̂(8)

]

=
[
1 0 û(3) û(4) û(5) û(6) û(7) û(8)

0 1 v̂(3) v̂(4) v̂(5) v̂(6) v̂(7) v̂(8)

]
(46)

k= [	1 	2 	3 	4 	5 	6 	7 	8]T (47)

where û(i) and v̂(i) (i=1–8) are the basic analytical solutions for displacements and have been
given in Section 3.2; 	i (i=1–8) are eight unknown constants. Here, the basic analytical solutions
are considered as the trial functions for the new element model and the displacement fields in
Equation (45) possess second-order completeness in both the QACM-II and the Cartesian coordinate
system.

The element strain fields can be written as

e=

⎧⎪⎪⎨
⎪⎪⎩

�x (Z1, Z2)

�y(Z1, Z2)

�xy(Z1, Z2)

⎫⎪⎪⎬
⎪⎪⎭=Sk (48)

with

S=

⎡
⎢⎢⎢⎣

�̂(1)x �̂(2)x �̂(3)x �̂(4)x �̂(5)x �̂(6)x �̂(7)x �̂(8)x

�̂(1)y �̂(2)y �̂(3)y �̂(4)y �̂(5)y �̂(6)y �̂(7)y �̂(8)y

�̂(1)
xy �̂(2)

xy �̂(3)
xy �̂(4)

xy �̂(5)
xy �̂(6)

xy �̂(7)
xy �̂(8)

xy

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣
0 0 0 �̂(4)x �̂(5)x �̂(6)x �̂(7)x �̂(8)x

0 0 0 �̂(4)y �̂(5)y �̂(6)y �̂(7)y �̂(8)y

0 0 0 �̂(4)
xy �̂(5)

xy �̂(6)
xy �̂(7)

xy �̂(8)
xy

⎤
⎥⎥⎥⎦ (49)

where �̂(i)x , �̂(i)y and �̂(1)
xy (i=1–8) are the basic analytical solutions for strains, and have been given

in Section 3.2.
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In order to determine the eight constants 	i , eight nodal conforming conditions are introduced
as follows: {

u(Z1, Z2)| j =u j

v(Z1, Z2)| j =v j
( j=1,2,3,4) (50)

in which j the denotes element node number. By substituting the area coordinates of element
nodes (Equation (4)) and Equation (45) into the above equation, we obtain

Ck=qe with C=

⎡
⎢⎢⎢⎢⎣
F|1
F|2
F|3
F|4

⎤
⎥⎥⎥⎥⎦ (C is an 8×8 matrix) (51)

where F| j ( j=1,2,3,4) are the values of matrix F at node j . Then, k can be solved as follows:

k=C−1qe=Tqe with T=C−1 (52)

Thus, by substituting Equation (52) into Equation (45), the displacement fields can be rewritten as

u=FTqe=Nqe with N=FT (53)

in which N=FT is the shape function matrix. By substituting Equation (52) into Equation (48),
the strain field can be rewritten as

e=STqe=Bqe with B=ST (54)

where B=ST is the element strain matrix.
Finally, the element stiffness matrix can be written as

Ke=
∫ ∫

Ae
BTDBt dA=TT

(∫ ∫
Ae
STDSdA

)
Tt=TTK

e
Tt (55)

where D is the elastic matrix and has been given in Equation (19), t is the element thickness, and
K

e
is an 8×8 matrix, whose explicit expression can be obtained (see the Appendix).
Thus, a new 4-node quadrilateral membrane element with explicit element stiffness matrix is

formulated, and this new element is named QAC-ATF4 in this paper.

4.2. New 5-node element QAC-ATF5

The 5-node plane element is usually considered as the transition element linking two regions,
which are meshed by 4- and 8-node elements, respectively. The above procedure can also be
utilized for developing such transition elements.

Considering the 5-node quadrilateral element shown in Figure 4, the element nodal displacement
vector {q}e is given as

qe=[u1 v1 u2 v2 u3 v3 u4 v4 u5 v5]T (56)

The construction procedure for the 5-node element is similar to that of the 4-node element
QAC-ATF4. The only difference is that two more trial function terms are needed since the number
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Figure 4. A 5-node quadrilateral membrane element.

of degrees of freedom increases. Thus, the basic analytical solutions corresponding to the stress
functions, �(9) = Z2

1Z2 and �(10) = Z1Z2
2, are introduced. Then, the vector k in Equation (47), the

matrix F in Equation (46) and the matrix S in Equation (49) should be changed to

k= [	1 	2 	3 	4 	5 	6 	7 	8 	9 	10]T (57)

F=
[
1 0 û(3) û(4) û(5) û(6) û(7) û(8) û(9) û(10)

0 1 v̂(3) v̂(4) v̂(5) v̂(6) v̂(7) v̂(8) v̂(9) v̂(10)

]
(58)

S=

⎡
⎢⎢⎢⎣
0 0 0 �̂(4)x �̂(5)x �̂(6)x �̂(7)x �̂(8)x �̂(9)x �̂(10)x

0 0 0 �̂(4)y �̂(5)y �̂(6)y �̂(7)y �̂(8)y �̂(9)y �̂(10)y

0 0 0 �̂(4)
xy �̂(5)

xy �̂(6)
xy �̂(7)

xy �̂(8)
xy �̂(9)

xy �̂(10)
xy

⎤
⎥⎥⎥⎦ (59)

The displacement fields still possess second-order completeness in both the QACM-II and the
Cartesian coordinate system. After introducing 10 nodal conforming conditions as{

u(Z1, Z2)| j =u j

v(Z1, Z2)| j =v j
( j=1,2,3,4,5) (60)

Equation (50) can be obtained again, but the matrix C should be rewritten as

C=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

F|1
F|2
F|3
F|4
F|5

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(C is an 10×10 matrix) (61)
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As long as the element side with mid-side node keeps straight, the element stiffness matrix can
still be written as

Ke=TTK
e
Tt (62)

where K
e
is a 10×10 matrix, and its explicit expression is also given in the Appendix.

This new 5-node element is named QAC-ATF5.

5. NUMERICAL EXAMPLES

Eight different benchmark problems are used to evaluate the performance of the new elements
QAC-ATF4 and QAC-ATF5, and the results obtained by 19 other element models, as listed below,
are also given for comparison.

4-Node membrane element models:

• CQ4: conventional bilinear isoparametric element with full integration scheme.
• Q6: non-conforming isoparametric element with internal parameters, Wilson et al. [24].
• QM6: non-conforming isoparametric element with internal parameters, Taylor et al. [28].
• QC6: quasi-conforming isoparametric element with internal parameters, Chen and Tang [30].
• P–S: hybrid element, Pian and Sumihara [31].
• NQ6: hybrid element with internal parameters, Wu et al. [32].
• QE2, B-Q4E: assumed strain elements, Piltner and Taylor [38].
• PEAS7: assumed strain elements, Andelfinger and Ramm [36].
• HL: isoparametric element with internal parameters, Cook [44].
• QUAD4: element in MSC/NASTRAN, Macneal and Harder [45].
• D-type: element with drilling DOFs, Ibrahimgovic et al. [46].
• Q4S: element with drilling DOFs, Macneal and Harder [47].
• QACM4: element with internal parameters and formulated by the QACM-I, Cen et al. [8].
• AGQ6-I, AGQ6-II: elements with internal parameters and formulated by the QACM-I, Chen

et al. [7].
• QACII6: element with internal parameters and formulated by the QACM-II, Chen et al. [27].
5-Node membrane element models:

• CQ5: conventional 5-node bilinear isoparametric element with full integration scheme.
• QACM5: 5-node element with internal parameters and formulated by the QACM-I, Cen

et al. [8].
Example 1 (Cantilever beam divided by five quadrilateral elements (Figure 5))
The cantilever beam, as shown in Figure 5, is divided by five irregular quadrilateral elements
and the two loading cases considered are: (a) pure bending under moment M and (b) linear
bending under transverse force P . Young’s modulus is E=1500 and the Poisson ratio is �=0.25.
The results of the vertical deflection vA at point A and the stress �x B at point B are given in
Table I.

Compared with the results given by other isoparametric element models, it can be seen that the
elements formulated by the quadrilateral area coordinate methods (both QACM-I and QACM-II)
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Figure 5. Cantilever beam with five irregular elements.

Table I. The deflections and stresses at selected locations for bending
problems of a cantilever beam (Figure 5).

Load M Load P

Elements vA �x B vA �x B

CQ4 45.7 −1761 50.7 −2448
Q6 98.4 −2428 100.4 −3354
QC6 96.1 −2439 98.1 −3339
NQ6 96.1 −2439 98.0 −3294
QM6 96.07 −2497 97.98 −3235
PS 96.18 −3001 98.05 −3899
QE2 96.5 −3004 98.26 −3906
B-Q4E 96.5 −3004 98.26 −3906
QACM4 96.0 −3015 98.0 −4135
AGQ6I 100.0 −3000 102.0 −4151
AGQ6II 100.0 −3000 102.7 −4180
QACII6 100.0 −3000 102.7 −4180
QAC-ATF4 100.0 −3000 102.4 −4029
CQ5 59.4 −2650 62.9 −3664
QACM5 98.7 −3000 103.9 −4142
QAC-ATF5 100.0 −3000 102.6 −4177
Exact 100.0 −3000 102.6 −4050

present better answers. Exact solutions can also be obtained by some QACM models, including
QAC-ATF4 and QAC-ATF5, for the pure bending case.

Example 2 (Cantilever beam divided by four quadrilateral elements (Figure 6))
The cantilever beam is meshed into four irregular quadrilateral elements. The results of the deflec-
tions at the tip points A and B are listed in Table II.

From Table II, it can be seen again that the QACM elements, including QAC-ATF4 and QAC-
ATF5, are more precise than the other isoparametric elements, although elements D-type and Q4S
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Figure 6. Cantilever beam with four irregular elements.

Table II. The deflections at selected locations for bending problem of a cantilever beam (Figure 6).

Tip deflections Normalized values

Element Point A Point B Average Point A Point B Average

CQ4 0.2126 0.2131 0.2129 0.598 0.599 0.598
Q6 0.3395 0.3409 0.3402 0.954 0.958 0.956
QM6 0.3264 0.3286 0.3275 0.917 0.924 0.920
D-type — — 0.3065 — — 0.861
Q4S — — 0.2978 — — 0.837
QACM4 0.3280 0.3305 0.3293 0.922 0.929 0.926
AGQ6-I 0.3510 0.3509 0.3510 0.987 0.986 0.987
AGQ6-II 0.3535 0.3530 0.3533 0.994 0.992 0.993
QACII6 0.3535 0.3530 0.3533 0.994 0.992 0.993
QAC-ATF4 0.3523 0.3516 0.3520 0.990 0.988 0.989
CQ5 0.2195 0.2208 0.2202 0.617 0.620 0.619
QACM5 0.3329 0.3354 0.3342 0.936 0.943 0.939
QAC-ATF5 0.3400 0.3412 0.3406 0.956 0.959 0.957
Reference value 0.3558 1.000

contain vertex drilling DOFs (the total DOF number of the elements D-type or Q4S is 12 because
of the additional vertex drilling DOFs).

Example 3 (Cook’s skew beam problem (Figure 7))
The skew cantilever under shear distributed load at the free edge was proposed by Cook et al.
[25]. The results of vertical deflection at point C, the maximum principal stress at point A and the
minimum principal stress at point B are all listed in Table III. Compared with the other elements,
the QACM elements exhibit the best convergence.

Example 4 (Thick curving beam (Figure 8))
The thick curving cantilever beam meshed into four elements is subjected to a transverse force
at its tip. The results of the vertical tip deflection at point A are shown in Table IV. Better and
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Figure 7. Cook’s skew beam problem.

Table III. Results of Cook’s skew beam (Figure 7).

vC �Amax �Bmin

Element 2×2 4×4 8×8 2×2 4×4 8×8 2×2 4×4 8×8

CQ4 11.80 18.29 22.08 0.1217 0.1873 0.2242 −0.0960 −0.1524 −0.1869
Q6 22.94 23.48 23.80 0.2029 0.2258 0.2334 −0.1734 −0.1915 −0.1997
QM6 21.05 23.02 — 0.1928 0.2243 — −0.1580 −0.1856 —
HL 18.17 22.03 23.39 0.1582 0.1980 — −0.1335 −0.1770 —
P–S 21.13 23.02 — 0.1854 0.2241 — — — —
QE-2 21.35 23.04 — 0.1956 0.2261 — — — —
B-4E 21.35 23.04 — 0.1956 0.2261 — — — —
QACM4 20.74 22.99 23.69 0.1936 0.2256 0.2345 −0.1452 −0.1866 −0.1987
AGQ6-I 23.07 23.68 23.87 0.2023 0.2275 0.2351 −0.1758 −0.1972 −0.2016
AGQ6-II 25.92 24.37 24.04 0.2169 0.2286 0.2352 −0.1999 −0.2014 −0.2027
QACII6 25.92 24.37 24.04 0.2169 0.2286 0.2352 −0.1999 −0.2014 −0.2027
QAC-ATF4 24.36 23.84 23.89 0.2127 0.2277 0.2350 −0.1809 −0.1934 −0.2001
CQ5 12.24 18.86 22.33 0.1039 0.1884 0.2253 −0.0551 −0.1410 −0.1858
QACM5 20.86 23.29 23.81 0.2054 0.2370 0.2375 −0.1365 −0.2084 −0.2041
QAC-ATF5 23.06 23.83 23.94 0.2074 0.2101 0.2284 −0.1832 −0.1974 −0.2025
Reference 23.96 0.2362 −0.2023
solution∗

∗Results of the element GT9M8 [22] using 64×64 mesh.
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Figure 8. Bending of a thick curving beam.

Table IV. The tip deflection of a thick curving beam (Figure 8).

Elements CQ4 Q6 QM6 P–S PEAS7 QACM4 AGQ6-I AGQ6-II QACII6 QAC-ATF4 Exact solution

(a) 4-node models
vA 57.9 87.3 83.6 84.6 84.6 84.6 91.9 86.9 86.9 90.6 90.1

Elements Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5 Exact solution

(b) 5-node models
CQ5 35.2 67.0 81.7 67.7 72.2
QACM5 74.0 85.5 92.1 87.8 88.6 90.1
QAC-ATF5 91.3 86.9 86.9 86.9 86.9
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more stable solutions can be obtained by the proposed elements than those by other isoparametric
models.

Example 5 (Thin curving beam (Figure 9))
A thin curving cantilever beam is subjected to a transverse force P at the tip and it is also
meshed into five elements. The Poisson ratio is �=0.0. Two ratios of thickness/radius, (i) h/R=
0.03 (E=365010.0) and (ii) h/R=0.006 (E=44027109.0), are considered. The results of the
tip displacement are listed in Table V.

Compared with the mesh used in the previous example, the shape of the elements in this example
becomes much narrower. The length–width ratio of the elements reaches 10 when h/R=0.03,
and will be larger if h/R=0.006 and each of the elements is a trapezoid, so the distortion
becomes much more serious. From Table V, it was observed that isoparametric elements CQ4,
Q6, QM6, QUAD4 and CQ5 are very sensitive to the mesh distortion caused by the increase in the

Typical mesh for 4-node models 

h

R

P=1, w

Mid-side nodes for 5-node models 

Mesh 1 

Typical mesh for 5-node models 

Mesh 2 Mesh 3 

Figure 9. Bending of a thin curving beam.
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Table V. The tip deflection of a thin curving beam (Figure 9).

h/R CQ4 Q6 QM6 QUAD4 QACM4 AGQ6-I AGQ6-II QACII6 QAC-ATF4 Exact solution

(a) 4-node models
0.03 0.024 0.770 0.339 0.615 0.639 1.008 1.008 1.008 1.008 1.000
0.006 0.001 0.285 0.022 0.163 0.026 1.008 1.008 1.008 1.008 1.000

h/R Element Mesh 1 Mesh 2 Mesh 3 Exact solution

(b) 5-node models
CQ5 0.018 0.016 0.017

0.03 QACM5 0.520 0.511 0.518 1.000
QAC-ATF5 1.013 1.013 1.013

CQ5 0.001 0.001 0.001
0.006 QACM5 0.075 0.074 0.075 1.000

QAC-ATF5 1.013 1.013 1.013

length–width ratio and even locked under the case of h/R=0.006, but at the same time, the two
new elements are insensitive to this kind of distortion.

Example 6 (MacNeal’s thin cantilever beam with distorted meshes (Figure 10))
Consider the thin beams presented in Figure 10. Three different mesh shapes are adopted: rect-
angular, parallelogram and trapezoidal. This example, proposed by Macneal and Harder [45],
is a classic benchmark for testing the sensitivity to mesh distortion of the 4-node quadrilateral
membrane elements. Besides the distortion caused by the length–width ratio, the composite distor-
tions of parallelogram and trapezoidal shapes together with length–width ratio are also taken into
account.

There are two loading cases under consideration: pure bending and transverse linear bending.
Young’s modulus of the beam is E=107, the Poisson ratio is �=0.3, and the thickness of the
beam is t=0.1. The results of the tip deflection are shown in Table VI. Besides the new elements,
the results obtained by 11 other element models are also given for comparison. It is seen that the
proposed elements possess high accuracy for all three mesh divisions, and are insensitive to these
three types of distortion. Moreover, they can even provide the exact solutions for the pure bending
problem.

Example 7 (Cantilever beam divided by two elements containing a parameter of distortion (Figure
11)).
The cantilever beam shown in Figure 11 is meshed into two elements. The shape of the two elements
varies with the variety of the distorted parameter e. When e=0, both elements are rectangular.
With the increase of e, the mesh is more seriously distorted. This is another well-known benchmark
for testing the sensitivity to the mesh distortion.

For the case of pure bending problems (load M), the results of the tip deflection at point A
are listed in Table VII. In addition to the presented elements, the solutions obtained by five other
models are also given for comparison. It can be seen that the elements QAC-ATF4 and QAC-ATF5
can provide the exact solutions while e varies between 0 and 5. That is, the problem of trapezoidal
locking is also completely overcome.
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Figure 10. Macneal’s beam.

Table VI. The normalized results of the tip deflection for the MacNeal’s thin
beam using different meshes (Figure 10).

Load P Load M

Element Mesh (a) Mesh (b) Mesh (c) Mesh (a) Mesh (b) Mesh (c)

CQ4 0.093 0.035 0.003 0.093 0.031 0.022
Q6 0.993 0.677 0.106 1.000 0.759 0.093
QM6 0.993 0.623 0.044 1.000 0.722 0.037
QUAD4 0.904 0.080 0.071 — — —
P–S 0.993 0.798 0.221 1.000 0.852 0.167
PEAS7 0.982 0.795 0.217 — — —
QACM4 0.993 0.635 0.052 1.000 0.722 0.046
AGQ6-I/II 0.993 0.994 0.994 1.000 1.000 1.000
QACII6 0.993 0.994 0.994 1.000 1.000 1.000
QAC-ATF4 0.993 0.994 0.994 1.000 1.000 1.000
CQ5 0.098 0.050 0.097 0.096 0.045 0.099
QACM5 0.993 0.600 0.191 1.000 0.696 0.174
QAC-ATF5 0.993 0.994 0.994 1.000 1.000 1.000
Exact 1.000∗ 1.000†

∗The standard value is −0.1081.†The standard value is −0.0054.
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Figure 11. Cantilever beam divided by two elements with distorted parameter e.

Table VII. Results of the tip deflection of a cantilever beam subjected to a pure bending M (Figure 11).

e 0 0.5 1 2 3 4 4.9

CQ4 28.0 21.0 14.1 9.7 8.3 7.2 6.2
Q6 100 93.21 86.89 92.67 102.42 110.52 116.6
QM6 100 80.9 62.7 54.4 53.6 51.2 46.8
P–S 100 81.0 62.9 55.0 54.7 53.1 49.8
QE2 100 81.2 63.4 56.5 57.5 57.9 56.9
B-Q4E 100 81.2 63.4 56.5 57.5 57.9 56.9
QACM4 100 83.8 66.5 60.1 61.4 60.3 56.0
AGQ6-I/II 100 100 100 100 100 100 100
QACII6 100 100 100 100 100 100 100
QAC-ATF4 100 100 100 100 100 100 100
CQ5 28.4 22.2 15.6 11.5 10.9 10.9 10.6
QACM5 100.0 84.2 69.0 67.8 72.9 74.0 70.9
QAC-ATF5 100 100 100 100 100 100 100
Exact 100 100 100 100 100 100 100

Example 8 (Weak patch test and some discussions)
From the aforementioned seven benchmark problems, it can be seen that, similar to the several
new models formulated by the QACM-I and QACM-II, elements QAC-ATF4 and QAC-ATF5
also exhibit excellent performance for the bending problems, and even produce exact solutions
for pure bending problems with distorted meshes. Therefore, according to the theorem showed
by Macneal [48], i.e. 4-node membrane elements with two DOFs per node would either lock in
in-plane bending or fail to pass a C0 patch test (strict form) when element shape is an isosceles
trapezoid, the new elements may fail to pass the strict form constant strain/stress patch test.

The constant strain/stress weak patch test using irregular mesh is shown in Figure 12. Let
Young’s modulus E=1000, the Poisson ratio �=0.25 and thickness of the patch t=1. At first,
the patch divided by only three elements, as shown in Figure 12(a), is considered and then, each
element is bisected through the midpoints of the element sides. Thus, each original element is
subdivided into four elements. Repeat this division again and again, the total number of the elements
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Figure 12. Weak patch test constant strain problem: (a) 3 elements; (b) 12 elements;
(c) 48 elements; and (d) 192 elements.

Table VIII. Results for weak patch test (Figure 12).

Mesh v2 v3 u4 v4 u5 v5 u6 v6 u7 v7

(a) for QAC-ATF4
3 elements −0.3908 −0.5844 1.5599 −0.7485 1.6342 −1.2633 3.1708 −2.3412 5.2210 −3.4597
12 elements −0.2596 −0.4902 1.9157 −0.2086 2.2310 −0.2829 3.8707 −0.2972 4.3755 −1.2557
48 elements −0.2594 −0.4980 1.9846 −0.1303 2.4388 −0.0689 3.9791 −0.0243 4.1109 −0.6858
192 elements −0.2541 −0.5000 1.9971 −0.1245 2.4861 −0.0190 3.9983 0.0032 4.0331 −0.5509
Exact −0.2500 −0.5000 2.0000 −0.1250 2.5000 0.0000 4.0000 0.0000 4.0000 −0.5000

(b) for QAC-ATF5
3 elements −0.4638 −0.6200 1.6204 −0.8301 1.8550 −1.2895 4.6370 −2.1710 5.4283 −3.1749
12 elements −0.2568 −0.4683 1.9192 −0.2842 2.4350 −0.4514 4.5984 −0.0613 4.3528 −1.1376
48 elements −0.2583 −0.4930 1.9818 −0.1583 2.4847 −0.1145 4.1779 0.0232 4.0910 −0.6400
Exact −0.2500 −0.5000 2.0000 −0.1250 2.5000 0.0000 4.0000 0.0000 4.0000 −0.5000

in the refined mesh after each action will be 12,48,192, . . . , in turn. The mesh that contains 12,
48 and 192 elements are plotted in Figure 12(b)–(d), respectively.

The results of nodal displacements ui and vi (i=2,3, . . . ,7) in different mesh divisions, obtained
by QAC-ATF4 and QAC-ATF5, are shown in Table VIII.

From Table VIII, it can be seen that the new elements cannot give the exact solutions using the
coarse mesh in finite size, i.e. they fail to pass the strict patch test. But with the subdivision of the
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mesh, the results obtained by both elements will converge to the exact solutions. Therefore, they
pass the weak patch test defined by Cook et al. [25].

From all the numerical examples and References [7, 8, 27], it can be seen that, among the
4-node membrane elements formulated by the quadrilateral area coordinate method (including
both QACM-I and QACM-II), elements AGQ6-I/II, QACII6, QAC-ATF4 and QAC-ATF5
can completely overcome various locking in bending, but only pass the weak form constant
strain/stress patch test; whereas elements QACM4 and QACM5 can pass the strict form constant
strain/stress patch test, but cannot perform very well in bending problems with distorted meshes.
This phenomenon seems to demonstrate the conclusion given by Macneal [48]. As the models
cannot pass the strict constant stress/strain patch test, the quadrilateral area coordinate elements
AGQ6-I/II, QACII6 and QAC-ATF4 exhibit much better performance than that of the isopara-
metric element Q6; and as the models can pass the strict constant stress/strain patch test, the
quadrilateral area coordinate element QACM4 performs better than the isoparametric element
QM6. Thus, the advantage of the quadrilateral area coordinate methods is clearly illustrated.

Furthermore, the conforming condition is another important factor for element performance. The
exact conforming scheme used in the 4-node membrane element with full integration must lead
to locking in higher-order problems, such as the bilinear isoparametric element CQ4. Therefore,
the non-conforming element method is usually considered as an effective way to soften element
stiffness and improve the accuracy. However, not all the non-conforming schemes can guarantee
the convergence. The generalized conforming method [19–23] possesses duality: on the one hand,
it relaxes the requirements of conforming so that more interpolation functions leading to high
precision can be derived and selected; on the other hand, it can insure the convergence from
the viewpoint of the variational principle. All element models formulated by the quadrilateral
area coordinate methods are generalized conforming elements. Some of them utilize relatively
stricter generalized conforming conditions so that they can still pass the strict constant stress/strain
patch test, such as the element QACM4; the others employ more relaxed generalized conforming
conditions so that their performances for bending problems exhibit great improvement, and they
can pass the weak form stress/strain patch test (convergence still exists), such as elements AGQ6-
I/II, QACII6 and QAC-ATF4. The proposed 4-node model QAC-ATF4 uses the nodal conforming
condition scheme (Equation (50)), which is one of the most relaxed generalized conforming
schemes, to determine the unknown constants. If Equation (50) is replaced by other relatively
stricter conditions, some new models that may pass the strict constant stress/strain patch test can
be obtained. However, they will not perform very well in bending problems. To find a 4-node
quadrilateral membrane element that can perform very well in both constant stress/strain and
bending problems appears to be a mission impossible.

Different from the conventional constant stress/strain patch test in which at least one internal
node must be included in the mesh, Prathap and Senthilkumar [26] proposed another ‘constant
stress strong patch test’: two-element test for a cantilever beam subjected to uniform axial tension.
The structure and the mesh division (also contains a distortion parameter) used in this test are quite
similar with those in Example 7. Only the pure bending load at the right end is replaced by the
uniform axial tension. It is interesting that the elements AGQ6-I [7], QAC-ATF4 and QAC-ATF5
can produce exact solutions for this problem. Since the models that can pass this test may still not
pass the conventional test, this test is actually another relaxed constant stress/strain patch test. But
it can be employed to evaluate the convergence of an element model.

Although no perfect models are available at present, the existing 4-node elements with different
characters still possess great significance. By a rational combination of these models, it is possible
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to obtain perfect solutions for some practical problems. The recent work done by Liu et al. [49]
is very interesting and may be utilized for achieving this purpose.

6. CONCLUDING REMARKS

In this paper, a novel strategy for developing low-order membrane elements with analytical element
stiffness matrices is proposed.

(i) First, some complete low-order basic analytical solutions for plane stress problems are
given in terms of the new quadrilateral area coordinates (QACM-II).

(ii) Second, these solutions are taken as the trial functions for developing new membrane
elements. Thus, the interpolation formulae for displacement fields naturally possess second-
order completeness in physical space (Cartesian coordinates).

(iii) Finally, by introducing nodal generalized conforming conditions, new 4- and 5-node
membrane elements with analytical element stiffness matrices are successfully constructed.

The resulting models, denoted as QAC-ATF4 and QAC-ATF5, exhibit excellent performance in
various bending problems with mesh distortion and their convergence being assured by passing
the weak patch test. Although their performances are similar to some of the models proposed
recently, they possess the highest computational efficiency since the element stiffness matrices are
formulated explicitly and no internal parameter is added.

It is demonstrated that the proposed strategy possesses advantages of both the analytical and the
discrete methods, and the new quadrilateral area coordinate system (QACM-II) is a powerful tool
for constructing high-performance quadrilateral finite element models. These strategy and tool may
be beneficial for more challenging fields, such as the incompressible and non-linear problems.

APPENDIX A

The expression of K
e
in Equations (55) and (62).

For Equation (55):

K
e=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0

k44 k45 k46 k47 k48

k55 k56 k57 k58

Sym. k66 k67 k68

k77 k78

k88

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(A1)
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For Equation (62):

K
e=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

k44 k45 k46 k47 k48 k49 k4,10

k55 k56 k57 k58 k59 k5,10

k66 k67 k68 k69 k6,10

Sym. k77 k78 k79 k7,10

k88 k89 k8,10

k99 k9,10

k10,10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(A2)

where

k44 = A(b21+c21)
2

k45 = 2A(b21+c21)(b1b2+c1c2)

k46 = A[(b1b2+c1c2)
2−�(b1c2−b2c1)

2]
k47 = 8

3 A
2g1(b

2
1+c21)

2

k48 = 8
3 A

2g2[(b1b2+c1c2)
2−�(b1c2−b2c1)

2]
k49 = 8

3 A
2(b21+c21)[2g1(b1b2+c1c2)+g2(b

2
1+c21)]

k4,10 = 8
3 A

2{g1[(b1b2+c1c2)
2−�(b1c2−b2c1)

2]+2g2(b
2
1+c21)(b1b2+c1c2)}

k55 = 4A(b1b2+c1c2)
2+2A(1+�)(b1c2−b2c1)

2

k56 = k45=2A(b21+c21)(b1b2+c1c2)

k57 = 16
3 A2g1(b

2
1+c21)(b1b2+c1c2)

k58 = 16
3 A2g2(b

2
2+c22)(b1b2+c1c2)

k59 = 16
3 A2{g1[(b1b2+c1c2)

2+(1+�)(b1c2−b2c1)
2]+g2(b

2
1+c21)(b1b2+c1c2)}
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k5,10 = 16
3 A2{g1(b21+c21)(b1b2+c1c2)+g2[2(b1b2+c1c2)

2+(1+�)(b1c2−b2c1)
2]}

k66 = A(b22+c22)
2

k67 = 8
3 A

2g1[(b1b2+c1c2)
2−�(b1c2−b2c1)

2]

k68 = 8
3 A

2g2(b
2
2+c22)

2

k69 = 8
3 A

2{2g1(b22+c22)(b1b2+c1c2)+g2[(b1b2+c1c2)
2−�(b1c2−b2c1)

2]}

k6,10 = 8
3 A

2(b22+c22)[g1(b22+c22)+2g2(b1b2+c1c2)]

k77 = 64
3 A3(g22+1)(b21+c21)

2

k78 = 64
3 A3g1g2[(b1b2+c1c2)

2−�(b1c2−b2c1)
2]

k79 = 64
3 A3(b21+c21)[2(g22+1)(b1b2+c1c2)+g1g2(b

2
1+c21)]

k7,10 = 64
3 A3{(g22+1)[(b1b2+c1c2)

2−�(b1c2−b2c1)
2]+2g1g2(b

2
1+c21)(b1b2+c1c2)}

k7,10 = 64
3 A3(g22+1)[(b1b2+c1c2)

2−�(b1c2−b2c1)
2]+ 128

3 A3g1g2(b
2
1+c21)(b1b2+c1c2)

k88 = 64
3 A3(g21+1)(b22+c22)

2

k89 = 64
3 A3{(g21+1)[(b1b2+c1c2)

2−�(b1c2−b2c1)
2]+2g1g2(b

2
2+c22)(b1b2+c1c2)}

k8,10 = 64
3 A3(b22+c22)[2(g21+1)(b1b2+c1c2)+g1g2(b

2
2+c22)]

k99 = 64
3 A3{2(g22+1)[(1+�)(b1c2−b2c1)

2+2(b1b2+c1c2)
2]+4g1g2(b

2
1+c21)(b1b2+c1c2)

+(g21+1)(b21+c21)
2}

k9,10 = 64
3 A3{2(g22+1)(b22+c22)(b1b2+c1c2)+g1g2[(2+�)(b1c2−b2c1)

2+5(b1b2+c1c2)
2]

+2(g21+1)(b21+c21)
2}

k10,10 = 64
3 A3{2(g21+1)[(1+�)(b1c2−b2c1)

2+2(b1b2+c1c2)
2]+4g1g2(b

2
2+c22)(b1b2+c1c2)

+(g22+1)(b22+c22)
2}
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